YUII II N3 #5: npumep A.E. baiikoB

AH/. 3AJIAHUS

10 « YPABHEHUSIM B YaCTHBIX ITPOU3BOIHBIX))
Tema S «HauanbHO-KpaeBble 32124
METO/I pa3aejieHud MmepeMeHHbIX»

PaccmarpuBaercs HadallbHO-KpaeBas 3a/1a4ya Ha UHTEPBAJIC

NeWCTBUTEIBLHOM MpsMON 11u00 nepuognyeckas 3aaada Koy s

JUHENHOTO 3BOJIOIMOHHOTO YPABHEHUSI BTOPOTO MOPSIIKA

(mapa®oINYECKOro UK TUIIEPOOIMYECKOTO TUIIA) C TTOCTOSHHBIMU

koapduientamu. TpeOyeTcs MoayduTh IpeACTaBICHUE PEIICHUS

3amauu B BUze psaga Oypee, a TakKe MHTErPaJIbHOE

MPEICTABIICHUE:

1) npu HEOOXOAUMOCTH CAENIATh PEAYKIUIO K OJTHOPOIHBIM
KPaeBbIM YCJIOBUSIM W/WJIA 3aMEHON HEU3BECTHOM (DYHKIIUU
YHUYTOKHUTH MEPBYIO MPOMU3BOJHYIO MO X B ONEPATOPE
ypaBHEHUS;

2) mnepBblil mar meroaa Oypwe: pa3aeIeHUEM MePEMEHHBIX
nonyyuts 3anauy Ltypma—IInyBuis;

3) pemwuTh 3anauy [Itypma-JInyBusis: HallTU COOCTBEHHBIE
3HAYEHUS U COOCTBEHHbBIEC (PYHKIINUH;

4) Bropoi mar Meroga Pypbe: NOJIYYUTh U PEIIUTH ‘KOIIUYKU
— 3as1auku Koy 115t k03 PUIIMEHTOB pa3ioxKeHUs peIIeHUs
B Pl 10 COOCTBEHHBIM (DyHKIMIM 3agaun [IITypma-
JInyBuns;

5) moay4uTh 00IIYI0 (POPMYITY MHTETPATBLHOTO IIPECTABIICHUS
pelIeHUs Ha4aJbHO-KPAeBOM 3a/1a4u (IEPUOAUYECKOM 3a/1aur
Komn);

6) 14 yKa3aHHBIX MPaBbIX yacTel HalTu ko3hpuimenTsl Oypne
B IBHOM BUJIE (B34Th UHTETPAJIbI, UX BBIPAXKAIOIIUE);

7) wucclenoBaTh 3aBUCUMOCTD PEIIEHUS OT apaMeTpa 3a/1a4u;

8) BHU3yaJIU3UpPOBATh pelIeHUE (TOCTPOUTh B MAaTEMAaTUYECKUX
cpenax 3BOJIOIMOHHBIN AUaUIbM UM aHUMAIUIO) JIJIs
pPa3HBIX TUIIUYHBIC U OM(YPKAIMOHHBIX 3HAYEHUN MapaMeTpa
3a/1a4yu, BbIJIEpKaB He0OXonuMyto myouny psana dypee.
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YUII II N3 #5: npumep A.E. baiikoB

IIpumep #5.0. PaccMoTpuM OrpaHUYCHHBIN CTEPIKEHD JUTUHBI [
0€3 BHYTPEHHUX UCTOYHUKOB Teria. [Ipeanonoxum, 4To ero
JIEBBIA KOHEL] OAAEPKUBAETCS IIPU MIOCTOSIHHOM TEMIIEpAType Uy,
MpaBbIl KOHEI TEIJION30IMPOBaH, HauallbHAs TEMIIEpATypa
u(x,0) = @(x). DBoIIOIHUIO paclpeaeIeHUs TeMIIepaTypbl MOKHO
HAUTH, PELINUB 3a1a4y

-

u,—a’u,,=0,0<x<lt>0,
ul,_, = o),

A\

ul _,=A, u, = 0.

L

3neck @ € Ly(0,]). Ilyctb p(x) =0,A =10, a=1,[ = .
31paBblii CMBICII MOACKA3bIBAET, YTO B KAXKJIbII MOMEHT BPEMEHHU

t > 0 Temmeparypa J10;>KHA MOHOTOHHO YOBIBaTh OT JIEBOTO KOHIIA
110 TIPaBOTO, MPUMEPHO Kak Ha puc. 1.1.

OnHako, HAUTH MOHOTOHHOE TI0 X PEIICHUE Ha4aJlbHO-KPAaCBOU
3aJ1a44 B IBHOM BHJIE HE NPEACTABIACTCSA BO3MOKHBIM. ..

« CaenaeM peqyKIHUIO K OHOPOAHBIM KPaeBbIM YCJIOBHSIM.

Meton @ypbe uinu

METO/JT Pa3aecICHUS u(-,1)
MEPEMEHHBIX 10
paboTaerT, eciu g
KpPAaEBbIC YCIOBUS
OJTHOPOJTHBIE.
IMonoxum u = v +w,
IJI€ V — HOBas
HEU3BECTHAS
byHKIUA, a QyHKIUA

W YIOBJIETBOPSIET
KPAeBBIM YCIOBHUAM Puc. 1.1. Ot1o0 He pemenue!

=z ® 3= =m S»r 3m Tz m
8 4 8 8 4 8
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YUII II N3 #5: npumep A.E. baiikoB

w =A,w = 0.

|x=0 R I

[Ipocreitmas GyHKIUS, YIOBICTBOPSIOIIAS BHIIICYKAa3aHHBIM
COOTHOIIIEHUSM, €CTh KoHCcTaHTa w(x) = A. Ilonyuynm HadanbHO-
KpaeBy1o 3a1aqy Jjisg GyHKIIUN V TOJICTAHOBKOM U = Vv + A B
OCHOBHYIO 3aJ1a4y:

a

v,—a*v_ =0,0<x<t>0,
Vg = @) = A, (1.1)

N\

1% =0, v = 0.
|x=0 x=1

"

Metoa ®@ypbe (MeToa pa3ae/ieHUs NepeMEeHHbIX) BKIIFOYAET B
ce0s 1Ba sTana;

1) pasneneHueM NEPEMEHHBIX, MOJYYECHHUE U PEUICHHUE 3a/1a41
HItypma-JInyBuiuis;

2) Ppa3lIoXKEHUE PEIICHUS IO COOCTBEHHBIM (PYHKIIUSM 3a]1a4u
[Itypma-JInyBusIs U HaxoxaeHUe KOd(PPUIIMEHTOB
pa3IoKEeHUS.

 IlepBblil uar meroga Mypbe: pa3geeHHEeM NEePEeMEHHbIX
nosxyuum 3agauy lHlrypma-Jinysuiis.

Haiiném HeKoTopble YacTHBIC PEIISHHS OJHOPOAHOIO YPaBHEHUS
TETJIONPOBOAHOCTH, YIOBJIETBOPSIONINE KPACBbIM YCIOBUSIM
3agaum (1.1), mpeacraBisromue coOon cmosuue 3amyxarouiue
memnepamypHble 80JHbL. JIJ1s1 3TOro caeaaeM MoJCTaHOBKY

V = X(x)Y(¢) B 3amauy

V.—a’V_, =0,0<x<1[t>0,

v =0,V =0
x=0 —

x=I
[TogcTaHOBKaA B KpacBbIC YCIOBHS JAET:
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YUII II N3 #5: npumep A.E. baiikoB
X0)Y(@) =0, X'(D)Y() =0.

Mp1 nonaraem, uto pyHkuuu X = X(x) u Y = Y(¢) He paBHBI HYIIIO
TOXXJAECTBEHHO, ITO3TOMY MOCJICIHUE JIBA PABEHCTBA J1atOT

X(0) =0, X'(I) = 0.

IToncTanoBka V = X(x)Y () B omHOpOHOE YpaBHEHHE
TETIONPOBOJHOCTH IMIPHUBOJUT K COOTHOIICHHIO

XY — a’X"(x)Y(t) = 0.
IIpeoOpazyeM 3TO ypaBHEHUE, pa3/IeIMB IEPEMEHHBIE:
Y@ X'
a2Y(t) Xx)
[TOCKOJIBKY X ¥ f — HE3aBUCHUMBIE IIEPEMEHHBIE, UMEEM
Y  X'(x)
a2Y(r)  X(x)

Cobupaem 3amaay ltypma-JInyBumis (4 — crieKTpabHBINA
napamerp):

= const = — 4.

—X"=1X [
{ IX,0<x<1, (1.2)

X(0) = 0, X'() = 0.

IMocranoBka 3agaun lItypma-JInyBuiuIsi: HaTH BCe Takue A,
YTO CYIIECTBYIOT HETPUBHUAJIbHBIE (OTIIUYHBIE OT TOXKIAECTBEHHOTO
Hy1s1) X = X(x) — pemenus 3amaqn (1.2). [To TepmuHOIOTHHI:

e | — cobcTtBeHHBIC 3HaYCHUS 3a1aqm (1.2);

e X = X(x) — cobcrBennbic GpyHKIMHN 3aaa4u (1.2),
COOTBETCTBYIOIINE COOCTBEHHOMY 3HAYECHHUIO A.

e Pemnum 3agauy L typma-JInysusis (1.2), a4 yero
PacCMOTPHUM TPH CJIy4asl.
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YUII II N3 #5: npumep A.E. baiikoB

a) ITycts 4 < 0, ® =4/ —A. O01iee pelieHre ypaBHCHHS
X" — ?X = 0ectp X = Cje”?* + C,e®. Nmeem

X' =—wCie ™ + wCe®. IlogcraBum o0111ee pelIeHe B
KpaeBbIe YCIOBUS:
Cl + C2 == O,

—wCie ™ + wCye® = 0.

[lepen HaMu cucTEMa TMHEWMHBIX OJHOPOAHBIM anreOpandecKux
ypaBHeHUU. HeTpuBHaIbHOE pELLIEHUE CUCTEMBI CYLLIECTBYET
TOIZIa Y TOJIBKO TOTJa, KOIa €€ ONPENEIIUTENIb PaBEH HYIIIO:

1
_a)e—a)l a)ea)l

= w(e” + e ) = 0.

[Tocnearnee HEBO3MOXKHO, TOTOMY 4TO @ =/ —A > 0.

b) IIycte 4 = 0. O6miee pemenue ypaBHenus X' = 0 ecTb
X = Cix + C,. Umeem X' = C,. Pe3ynbrar noJCTaHOBKHU B
kpaesble ycnoBusi: C, = 0, C; = 0. Orcrona cienyert, 4To
A = 0 — He cOOCTBEHHOE 3HAUEHHUE.

C) Ilycte 4> 0, w = ﬂ . O01ee perieHre ypaBHCHUS
X"+ »*X = 0 ects X = C; cos wx + C, sin wx. Umeem

X' = — wC; sinwx + wC, cos wx. [loncranoBka o0111ero
peleHys B KpaeBble YCIOBUS MIPUBOAUT K CHCTEME
Cl = 0,
: (1.3)
—wC;sinwl + wC, coswl = 0.

Cucrema (1.3) uMeeT HETpUBHAIBHBIE PELICHUS TOTJIa U TOJIBKO

T 1
Toraa, korga cos wl = 0. Orciona @, = 7 <n + 5),

neNuU{0}.
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YUII II N3 #5: npumep A.E. baiikoB

Torna co6cTBeHHbIe 3HaueHus 3aaaun [ typma-JInysumis (1.2)
2

2
T 1
ectb A, = — (n + —) , @ COOTBETCTBYIOIINE COOCTBCHHBIC
2

2
+ 1/2
¢ynkunn umerot Bua X, (x) = b, sinw,x = b, sin b l )x,

b, # 0.

JIJ1s1 Ka)K10T0 11e710T0 HeOTPHUIIATSILHOTO YHCIIa 1 TTIOTYYHUM
crosiuyro pemienue V, (x, 1) = X (x)Y,(¢). 3nech u ganee Besne
cuuraeM, uro b, = 1.

2
O6mee pemenwe ypasaerus Y, + a1 Y, = 0ects ¥, = B e ™9,
OTcroia yKa3aHHbIE PEIICHHUS UMEIOT BUJL

_d%? . mn+1/2)x
V(x,)=Be = 2% i ( l )

. [lepBp1t 3Tan meroaa

Dypbe 3aBEPLLIEH.

* Bropoii muar meroga @ypbe: NOJYYUM M PEIIUM «KOIMIHUYKH»
— 3aga4yku Ko 11 ko3 punueHToB pasiaoxkeHus
pelieHUus B P/ 0 COOCTBEHHBIM (PyHKIIMAM 321244
Htypma-JInyBuinis.

Unes XK.-b. K. @yprwe: penieHne HavanbHO-KpaeBoit 3aaauu (1.1)
MOKHO TIPEJCTABUTH B BUJE CYIIEPIIO3ULINU (CYyMMBI)
OE€CKOHEUYHOTO YHCJIa PELICHUM, MOTyYEHHBIX Ha MPEAbITYIIEM
JTare:

e =) V=) X,0Y,0. (14)

n=0 n=0
Pazpemum popmanbHoe auddepeHnmpoBanue psia:
V=) X, @Y0, v = ) XY, 0, v, = ) X (x)Y,(0).
n=0 n=0

n=0
IToacranoBka psiaa (1.4) B HauanbHO-KpaeByro 3aaady (1.1) maér
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YUII II N3 #5: npumep A.E. baiikoB

Y X,@Y0) +a® ) XY, () =0,0<x<1Lt>0,
n=0 n=0
1) X,0Y,0) = p(x) — A,
n=0
D X, 00,0 =0, Y X;(D)Y, (1) =0
_ n=0 n=0

KpaeBbie yCa10BHs BBIIIOJIHEHBI aBTOMAaTUYECKU, TOTOMY YTO
X, = X,(x) — cobctBenHble (pyHKIMU 3a1auu (1.2).

Pa3noxuM (PyHKIHIO B HAYaIbHOM YCIIOBHH B PAJI 110
coocTBeHHBIM (pyHKIMAM 3ana4uu [typma-JInysums (1.2):

px)—A = i @, X,(x) = i @,SINw,X.
n=0

n=0
Haiiném xospduiieHTsl pa3ioxkeHus:
[
2 .
Pn = 7 (p(x) — A)sin w, xdx nnu

0
[

2[ (x)si d 24 (1.5)
= — X)Sinw xax — . .
=717 n 2+ 1/2)

0

IIpeoOpaszyeMm ypaBHEHHE TEIUIONMPOBOIHOCTH U HaYaJIbHOE
yCJIOBHE:

ZX(x) (Yi(r) + a?2,Y,()) =

wanm Z% ().

08.04.25 —T7— Bepcus 1.0



YUII II N3 #5: npumep A.E. baiikoB

[Tomyunm 3amauaxu Kommu 11st Hen3BeCTHRIX KOA(DPHUIIMEHTOR
paznoxenus ¥, =Y (1) (n =0,1,2,...):

Y, + az/lnYn =0, >0,
Y, (0)=¢,.

EnuHcTBEeHHOE penieHue 3aaa4dku (1.6) umeeTr Bu

(1.6)

Y (1) = gane_“z’lnt. Urak, psana (1.4) as pemenus 3agauu (1.1)
UMECT BH/T

v(x,t) = Z P
n=0

7€ BeIpaXkeHue s KodpPuimeHToB ¢, naércs popmyoit (1.5).

2
algz (I’l+1/2)2f Sln ﬂ(n + 1/2))6

,  (L.7)

[TonyuuB psan (1.7) niist pemieHrst Ha4aIbHO-KPAaeBOM 3a]1a4H, €ro
CJIEIyEeT UCCIIEI0OBAaTh Ha CXOAUMOCTh. OHAKO, B HACTOSILIEH TEME
KypCOBOM pabOTHI CXOJUMOCTb HE U3Y4YaeTCHl.

* ITosyyum o0uyr0 popMys1y HHTEIPAJIBHOIO NPEACTABICHUS
pelleHusi HA4aJbHO-KPaeBoii 3a1a4u 1JIsi YpaBHEHUS
TEIIONMPOBOIHOCTH.

Jl1st aToro noacraBum B popmyiny (1.7) Beipaxkenue (1.5) nms
KO3(pPUIIMEHTOB ¢, , 3aMEHUB IEPEMEHHYIO HHTETPUPOBAHUS X Ha
s:

[
3|2 + 172 24 | o +172
v(x,t) = Z —Jga(s)sjn Md e L (n+1/2)*t sin r(n )x .

; YT I+ 1/2) ;
n=0 0

Pa300bEM psisl B pa3HOCTD JIBYX PSIIOB:

[
y: 2 +1/2)s g +1/2
v(x, 1) = 27[¢(S)sin 7 z )S 1 iy A z x
n=0
0
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YUII II N3 #5: npumep A.E. baiikoB

12

+ 1/2) [

i 2A _a?x? (n+1/2)2t . JZ'(I’l + 1/2))(:
— e S1n .
s r(n

CyMMHpOBaHHUE B 3JIEMEHTAPHBIX (PYHKIMSIX BHIYUTAEMOTO Psijia
IPEACTABIAETCS COMHUTEILHBIM, IOATOMY OCTABUM €r0 0€3
U3MEHEHUN. YCTPOUM POKHUPOBKY:

0 2.2

!
2§ - +172 1o
v(x, 1) = J¢(S)ds7 Z o2 n(n l )S o n(n +l x

0 n=0
_ i 24 e—“i—gz(nﬂ/z)zz sin r(n+ 1/2)x
n(n+1/2) / '

n=0

O003HaUYMM AP0 B IEPBOM MHTEIPAJIC MOIYyUUBIIHICS (POPMYJIBI
gepes

2 0
K(s,x,t) = 7 Z e

n=0

22 iy . A 1/2)s | w(n+ 1/2)x
12 S1n ] S1n ] .

Torpa obmas gpopmyna penieHus Ha4aabHO-KPACBOM 3a1a4d [
ypaBHEHUS TEIJIONPOBOAHOCTH UMEET BU/I
l

ulx,t) =A+ JK(S, X, Hp(s)ds—
0

_ i 24 e—‘f—gz(nﬂ/z)% sin r(n+ 1/2)x
a(n+1/2) ] '

n=0

e JI1 yKa3aHHBIX NPAaBBIX YacTell HANAEM KOIPPUIMEHTHI
dypbe B ABHOM BHI€ U BU3YAJU3UPYEM PelleHUE.

[omoxum @p(x) = 0,A = 10,a = 1, [ = #. Torga pemenue
OCHOBHOM Ha4aJIbHO-KPAeBOM 3a/1a4u MPECTaBIACTCA POPMYIO
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YUII II N3 #5: npumep A.E. baiikoB

20 2
u(x, ) =10 + e~ 2T gin(n + 1/2)x
b 1) = Z7r(n+1/2) ( )
40 3
win u(x,t) = 10 ——e™ Hgin = — g~ gin — — ..
T 2 3z 2

PaccMmoTpum N-oe nipuOinmxeHne perieHusl HadaabHO-KpaeBou
3agaun uy(x, 1) = 10 + Yy(H)Xy(x) + ... + Yy(H)Xy(x). ITocTpoum
IpUOMKEHHOE PEIICHNEe B TP MOMEHTA BPEMEHU:

12
1) H<T = — = 72, Hanpumep, t; = 1;

a
1) t, = T, nanpumep, t, = 10;
1) 13> T, Hanpumep, 1; = 100.

[Tycte N = 5. I'paduk npubnuxénHoro pemenus npu ¢, = 1
n300pax€n Ha puc. 1.1. I'paduk npubIMKEHHOTO pelIeHUs NpU
t, = 10 uz00paxén Ha puc. 1.3. [Ipubnmxk€HHOE pelieHre npu
t; = 100 mpakTruecku He OTAMYAeTCs OT KOHCTaHTHI (puc 1.4.).

[TocMoTpuM Ha TPUONMAKEHHOE PEIICHUE B JUHAMUKE:

t=0.1

10+

u(x, t)
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YUII II N3 #5: npumep A.E. baiikoB
u(l,x)

X 3n sn 3= Iz =
8 8 8 4 8

R R
4 2

Puc. 1.2. [Tpubnux€HHOE pelieHue npu
ti=1

u(10, x) Tu(100,2)

li3_n£5_n3_n7_7r n =m 3= @m© Sm 3n Tm =&
8 4 8 2 &8 4 8 T 4 8 2 8 4 8

Puc. 1.3. [Tpubnuxénnoe  Puc. 1.4. [TIpubnmwxénnoe
pemienue npu =10 pemenue npu t3=100

Ipumep #4.1. PaccMoTpuM Ha4aabHO-KPAECBYIO 3aJa4y IS
OJTHOPOJTHOTO BOJTHOBOTO YPaBHECHUA BUIA

-

u,—a’u,,=0,0<x<mt>0,

N\

ul _o= o0, 1] N 4CO2

ul =0,u| =AsinQs.
L x=0 X=r
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YUII II N3 #5: npumep A.E. baiikoB
3nech @ € Hol(O,Jr), 10 ecth 0 € H'(0,7), (0) = ¢(n) = 0,

v € L,(0,7). [lanuM BO3MOXHYIO (PU3NYECKYIO HHTEPIPETALMIO
IMOCTABJICHHOW 3aa4u. JIeBO€ CeUeHUEe ynpyroro CTEPKHs JITUHbI
7T, HA KOTOPBIKA HE JIEMCTBYIOT BHEIIHUE CUJIBI, KECTKO
3aKpEIUICHO, a TPaBOe CEUCHUE ABUKETCS 10 3aKOHY A sin Qf.
Torna nocraBiieHHas 3aa4a ONMUCHIBAECT MPOJOJIbHBIC KOJIeOaHUs
CTEPKHS, TIe U = u(X, ) — OTKJIOHEHHUE OT MOJIOKCHUS
paBHOBecHs ceueHus ¢ koopauHaro x € (0,7) B MOMEHT BpEeMEHH
t > 0.

1) CnesiaeM peqyKIMI0 K OAHOPOAHBIM KPaeBbIM YCJIOBHSIM.
Meron @ypbe unm METOJT pa3iesicHUs IEPEMEHHBIX pabOTaeT,
KOIJIa KpaeBble YCIOBUSA OOHOPOAHbIE. [Tomoxum u = v + w, tae v
— HOBas HeU3BECTHAsI PyHKUMS, a PYHKIMS W yIOBIECTBOPSIET
kpaesbiM yenousm w| _ =0, w| _ = AsinQt. Tpocreiimas

GyHKIMS, YAOBIETBOPSIONIAS BhIIIEYKAa3aHHBIM COOTHOIIICHUSIM,

Ax .
ecTb (X, t) = — sin £21.
T
[TonyurnM HauanbHO-KpAEBYIO 3aAa4y JAJisl QyHKIIMH V
Ax
MOJICTAHOBKOM U = V + — sin {)f B OCHOBHYIO 3a/ady:
T
( 2
5 AQx |
Vy— Ay, = sinQt,0 < x<mt >0,
T
V= 00, v] = vl -—
Lv|x=0 = 0’ v|x=ﬂ =0
Q’x 3 AQx
O6o3HaumnMm f(x, ) = sin Qf, y(x) = y(x) —
T T

Metox @ypbe (MeTOoa pa3aejieHUS NePeMeHHbIX) BKIIIOYACT B

ceOs J1Ba DTara Wiu Iara;
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YUII II N3 #5: npumep A.E. baiikoB

1) pazgeneHueM NEepEeMEHHBIX, MOJIYUYEHUE U PELICHUE 3a/1a4n
[Itypma—IJInyBuiLisg, HaX0KACHUE CTOSYNX BOJIH;

2) pa3lIoXKEHUE PEIIEHUS IO COOCTBEHHBIM (PYHKIIUSIM 3a]1a41
[ItypMa—JInyBuiis U HaxoxaeHHUE KO3PHUITMECHTOB
Pa3JIOKEHHUS.

2) llepBbiii mar meroga @ypbe: pasaejieHuEeM NepPeMeHHbIX
noayyumM 3agavy HIrypma-JInysuiis. Haiiném cmosuue eonnwi,
yJIOBJIETBOPSIOIINE KPACBBIM YCJIOBUSIM 3a1auu (2.1). s atoro
caenaeM nojactanoBky V = X(x)Y(¢) B 3amauy

V,—a’V_=00<x<mt>0,
v =0,v| =o0.
x=0 X=r

[logcranoBKa B KpaeBbI€ YCIOBHS JAET
XO0)Y(®) =0, X(n)Y(r) = 0.

Mp1 nonaraem, uro ¢pyukiuu X = X(x) u Y = Y(¢) He paBHBI HYJIO
TOXKJIECTBEHHO, [TI03TOMY MOCJICAHUE JBA PABEHCTBA JAOT

X(0) =0, X(x) =0.

IToncranoBka V = X(x)Y () B omHOpOHOE BOJIHOBOE ypaBHEHHUE
na€T ypaBHEHUE

X@)Y"(t) — a’X"(x)Y(t) = 0.
[IpeoOpaszyem 3TO ypaBHEHHE, pa3/IeIUB IEPEMEHHbIE:
Y@ X'(x)
a2Y(H)  Xx)
[TOCKOJIBKY X M f — HE3aBUCHUMBIE IEPEMEHHBIE, UMEEM
Y  X'(x)
a2Y(r)  X(x)

= const = — 4.
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Cobupaem 3agauay Lltypma-JInyBuiis, rae A — CHEKTpalIbHBIN
napameTp:

—-X"=1X,0
{ U< x <, (2.2)

X(0) =0,X(x) = 0.

IlocranoBka 3agaun HItypma-JInyBuiisi: HaliTH Bce Takue A,
YTO CYIIECTBYIOT HETPUBUAJIbHBIE (OTIIUYHBIE OT TOXKIAECTBEHHOTO
Hynsi) X = X(x) — pemenus 3amauu (2.2). [lo TepmMuHOIOTUm:

e ] — coOcTBeHHBIE 3HaUCHHMS 3a1a4u (2.2);

e X = X(x) — coOcTBeHHbIe (PyHKIUHU 3a7auu (2.2),
COOTBETCTBYIOIIHE COOCTBEHHOMY 3HAYEHHUIO A.

3) Pemium 3apauy llltypma—JInyBuiida (2.2), ajs 4ero
PACCMOTPHUM TPH CJOy4asl.

a) Ilyctes 4 < 0, @ =4/ —A. O61iee penienre ypaBHESHHS
X" — @?X = 0 ects X = Cie™ + Cpe® . Tloncrasum
oO111ee pellieHue B KpaeBble YCIOBUS:

C,+C,=0,
Cie ™" + Ce”" = 0.

Ilepen Hamu cucTeMa JIMHEHHBIX OJHOPOJHBIM IreOpandecKux
ypaBHEHUM. HeTpuBHaAIIbHOE PELLIEHUE CUCTEMBI CYILIECTBYET
TOTJIa U TOJIBKO TOT/A, KOT/a €€ ONPENEIUTENIb PABEH HYIIIO:

1 1

e—a)ﬂ' ea)ﬂ'

(10)/4

=" — e %" = (. Orcrona L

[Tocnennee HEBO3MOXKHO, ITOTOMY 4TO @ = 4/ —4 > 0.

b) ITycte A = 0. O6mee pemenue ypaBaeHus X’ = 0 ecThb
X = Cyx + C,. Pe3ynbrar N0CTaHOBKH B KpacBbIe
ycaosusi: C, =0, Cyw + C, = 0. Orcrona cienyer, 4To
A = 0 — He coOOCTBEHHOE 3HAYECHHUE.
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C) [lycts 4> 0, = ﬂ . O0mee perieHre ypaBHCHUS
X"+ w*X = 0ects X = C; cos wx + C, sin wx.
[TomcTanoBKa 0OIIIETO PEIICHUS B KPACBBIC YCIOBHUS
IPUBOJIUT K CUCTEME

{q=a
(2.3)

C,coswl+ C,sinwn = 0.

Cucrema (2. 3) UMEET HETPUBHUAIBHBIC PEIICHUS TOT/Ia U TOJIBKO
Torna, korna sin wzr = 0. Orcrona w, = n, n € N.

Wtak, coocTBeHHble 3HaueHus 3agaun [lItypma—IlnyBuims (2.2)
eCTb A, = n°, a COOTBETCTBYIOIIHE COOCTBEHHBIE (DYHKIIMH HUMEIOT

Bua X, (x) = b, sinw,x = b,sinnx, b, # 0.

JIJ1st Ka)K10T0 HAaTypaJIbHOTO YHCIIA 7 TIOJTYYHM CTOSTIYIO BOJTHY
V.(x,t) = X (x)Y (). 3nech u nanee Besne cuuraem, 4ro b, = 1.
O6mee pemenye ypasaerus Y/ + a®A Y, = 0 ects

Y =A, cos(aw,t)+ B, sin(aw,t) = C, cos(aw,t + a,). Orcrona
CTOSIYME BOJHBI UMEIOT BU/I

V,= (An cos(aw,t) + B, sin(aa)nt)) sinnx =

= C, cos(ant + a,)sin nx. Ilepsslii aTan metona ypoe

3aBEPUIEH.

4) Bropoii miar meroga @ypbe: NoJay4uM U pelium
«KOMMYKKN» — 3aaa4ku Kommn a5 ko3 punmenron
PAa3JI0KEeHUS PElICHUs B P/l M0 COOCTBEHHBIM QyHKIMAM
3agauu Hltypma-JinyBuiis.

Unes XK.-b. K. @ypre: pelieHue HavalbHO-KpaeBoit 3aaauu (2.1)
MOKHO MPEJICTABUTDH B BU/JIE

mm:Zwth%mma@m
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Paspemum dhopManbHoe auddepeHupoBaHue psaa:
0 0 (6]

V=) X,@Y0, v, = ) X,0Y0, v, = Y X (0)Y,0),
n=1 n=1 n=1

V., = Z X (x)Y,(t). lloncranoBka psaa (2.4) B HA4aJIbHO-

n=1

KpaeBylo 3agauy (2.1) naét

Y X,@Y0) —a® Y Xi0)Y,(0) =f(x. 0,0 <x <7t >0,
n=1

n=1

N\

D X,0Y,00) = (x), Y X, (x)¥;(0) = jr(x),
n=1 n=1

D X,00Y,(0) =0, Y X,(m)Y,(t) =0
1 n=1

"

KpaeBble yCII0BUS BBITOIHEHBI ABTOMAaTHYECKH, IIOTOMY 4TO
X, = X, (x) — coOcTBeHHbIE (yHKINU 33134 (2.2).

PaznoxxuM QyHKIIMU B HAYJIbHBIX YCJIOBHUAX B Psij 1O
coOcTBeHHBIM (PyHKIMsAM 3a1a4yu [lItypma—IInyBumnmis (2.2):

(p(x)zi(pn X, (x) = Z(pnsma)x—Z(pnsmnx
nl

w(x) = Z @, X, (x) = Z W, sinw, x = Z W, sin nx.
n=1 n=1

Bripaxenus mis Koaq)(bI/IuHeHTOB Pa3JI0XKEHUS UMEIOT BUJ

Pn = 3 Jqo(s)sin(ns)ds, W, = % Jlf/(S)SiH(ns)ds =
T T
0_ 0
2 . 2AQ(—1)"
= — Jt//(s)sm(ns)ds + . (2.5
n
0
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PaznoxuM npaByro 4acTh ypaBHEHUS B PsiJl 110 COOCTBEHHBIM
bynkuam 3aaauu [ typma—IInyBug (2.2):

fen =) [OX,@) =) fit)sinm,x = i f,(f)sin n.x.
n=1 n=1 n=1

Bripaxxenue g koagpduiieHToB (HyHKIUN BpeMEHHN)
Pa3JIOKEHUSI UMEET BUJ

2 f . 2AQ2(— 1)n+1 ‘
1,0 =— [ f(x, Hsin(nx)dx = sin Or.
/s

nn

0
[IpeoOpazyem BOJTHOBOE YpaBHEHHMS U HAYaJIbHBIC YCIOBUSA:

D X,@ (Y0 +a*2,Y,(0) = Y. X,0f0).
n=1

n=1
D) X,@Y,0) =) 9,X,x), D X,0Y,0) = ) #,X,x).
n=1 n=1 n=1 n=1

[Tonyuum «kommykm» — 3anadku Komm 11 Hen3BeCTHBIX
ko3¢ unreHTos paznoxenus Y, = Y, (¢),n € N:
( 2 1

2AQ(—1)"*

17 2 — .
< Y)+a“AY = - sin Qt, ¢t > 0, (2.6)

 Y,0) = ¢, Y,(0) = .

(1) Hepe3oHaHcHBIN ciayyail: 2 # aw, 1715 BCEX HAaTypaJbHBIX A.
OOwiee pemenne ypaBaenus ais Y, = Y, (¢) npu Bcex n € N
UMEET BU]T

. 2AQ%(=1*
Y (1) =A,cosaw,t+ B, sinaw,t + sin 1.
n (aQa),% — QZ)

VYuuTthiBas HayaJbHBIC YCIOBUS, HAXOAUM pelieHue 3aaa4u (2.6):
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7, 2AQ3(—1)"! |
Y (1) =@, cosam,t + — sin aw, t+
aw, rnaw, (a’w} — Q)

ZAQZ(_ 1)n+1

zn (a’w} — Q2)

sin Q. (2.7)

(11) Pe3onaHcHbIN citydail: = aw,, 1711 HEKOTOPOTO
HaTypajibHOTO m. {1 n # m peuieHue 3aaa4u (2.6) naércs
dbopMyIoii, HemOCPEICTBEHHO clieayromieit u3 hopmysl (2.7):

W, 2403 (— 1)

Y (1) =@, cosawm,t+ — sinaw, t+
2 _ 2
aw, rnw, (02— w3)

2A02(—1)"!

zn (0} — w})

sinaw,,r.

[Ipu n = m oO11ee penieHne ypaBHEHUS UMEET BU/T

, Aaw, (—1)"
Y, (f) =A,cosaw,t+ B, sinaw,,t + tcosaw,t.
Tm

C yu€ToM HayaJbHBIX YCIIOBUH pelieHue 3a1a4u (2.6) uMeeT BU/

7 Aaw, (—1)"
Y () =@, cosaw,t+ < LA i) > sin aw,,t+
amw,), Tm
Aaw,(—1)"
+ t cos aw,t. B Hepe3oHaHCHOM citydae psif (2.4),
Tm

MPEJICTABIISIIONIMI pEIICHUE HadyallbHO-KpaeBou 3aaauu (2.1),
UMEET BUJT

v(x,t) = Z @, cos(ant)sin(nx) + Z % sin(ant)sin(nx)+

n=1 n=1
00 2AQ2 -1 n+1 2AQ3 -1 n+1
+ Z =D sin Qf — =D sin(ant) | sin(nx).
= \ nn (a2n2 — QZ) mnda (a2n2 — Qz)
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B pe3onancHoMm ciyuae, koraa 2 = aw,,, pin (2.4),
HpeI[CTaBJI}HOIIII/II/I peleHne HadyaabHO- KpaeBOH 3a/1a4u, UMEET

Bug v(x, 1) = Z @, cos(ant)sin(nx) + Z — s1n(ant)s1n(nx)+

n=1 n= 1
00 2A 2_1n+1 2A 3_1 n+1
+ Z m(—1) sin(amt) — m (1) sin(ant) | sin(nx)+
pet o \ 771 (n2 — mz) n? (n2 — m2)
Aa(—1)" . :
+— (t cos(amt) — sm(amt)) sin(mx).
T

Beeném CJ'IGI[YIOH_IGG o0O3HaYeHUE:!

00 ZAQZ( 1)n+1 ' 2AQ3(—1)n+1 . .
Z sin 2t — sin(ant) | sin(nx),
= 7m a2n2 Qz) rn3a (a2n2 — QZ)
Q
ecmu — & N
Po(X, 1) = 1 a
00 2Am2(_ 1)n+1 ' 2Am3(_ 1)n+1 - '
Z sin(amt) — sin(ant) | sin(nx)+
net ot \ 711 (n2 — mz) zn3 (n2 — mz)
Aa(—1)" . . Q
+— (t cos(amt) — sm(amt)) sin(mx),ecmtu — =m € N.
L T a

(2.8)

Kak B HEpe30HAHCHOM Ciy4ae, TaKk U B PE30HAHCHOM CJIy4ae psiji
(2.4), npencTaBisIOMIMKA pENICHUE HAYaJIbHO-KPAaeBOM 3a1a4H,
UMEET BU]]

v(x,t) = 2 @, cos(ant)sin(nx) + 2 — s1n(ant)sm(nx) + po(x, 1) .
n=1 n= 1

(2.9)

5) Hoayuum 0011y0 GopMyJly MHTEIPAJBHOIO NMPEACTABJIECHUS
pellleHUs HAYAJIbHO-KPAaeBoil 321a41 1JI1 BOJITHOBOT'O
ypaBHEHMUSI.
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Jl1s1 aToro noacTaBuM B hopMyiy (2.9) Beipaxenus (2.5) nis
KO3(pPUIIMEHTOB @, , 1/, 3aMEHUB IIEPEMEHHYIO0 UHTEIPUPOBAHUS X
Ha §:

v(x, 1) = Z cos(ant)sin(nx)— Jq)(s)sm(ns)ds + Z sm(ant) sin(nx) -
n=1 0 n=1
2] 2AQ(—1)"
Jw(s)sm(ns)ds + Z (1) sim@ant) o) + poe o .
— n an
0
(2.10)

CyMMHUpPOBaHHE B IJIEMEHTAPHBIX (PYHKIHAX SIBHOTO psijia U3
(2.10), a Takxke psoB U3 (2.8) IPEeACTABISAETCS OUCHb TPYIHBIM,
MIOATOMY OCTAaBUM 3TH Pkl 0€3 u3MeHeHui. Cuenaem
POKHUPOBKY:

T

v(x,t) = J'go(s)dsz Z cos(ant)sin(nx)sin(ns) + [w(s)ds :
T
0

0 n=1

2 i sin(ant)

T

sin(nx)sin(ns) + Z 2AQ(=1)” sin(ant) sin(nx) + po(x, 1) .

nn an
n=1 n=1

2 < sin(ant) | ,
O6o3naunMm K(s, x,1) = — Z ——sin(nx)sin(ns). Torma

T an
n=1

0K 2 « . :
—=— Z cos(ant)sin(nx)sin(ns), u popmyna a1 perieHus
o0 r« -

HaanII)HO-KpaCBOﬁ 3ala49i 1JI1 BOJTHOBOTI'O YPABHCHUSA UMCCT BU/I

T T

Ax oK
u(x,t) = —sin Qr + [Ew(s)ds + JK(S, X, Oy (s)ds+
T
0 0

N Z 2AQ(—1)" sin(ant)

sin(nx) + po(x,1). (2.11)

wn an
n=1
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6—7) Haiiném pemenue 1js1 ¢ = 0 m y = 0, uccieayem ero
3aBMCUMOCTB OT nmapametpa 2 > 0. Kpome Toro, nmojgoxxum
a=1,A=10""%

(1) Hepesonancusriit cnydaii: £ € N. Torga pemenue
IpEACTaBISAETCS B BUJIE PsJlia
2Q(—1)"

(e, 1) = 10722 sin Q7 + ¥ 10222 sin(usin(ua)+
/A

mn
n=1

3 2Q%(—1)"! Q
+210—2 =D - (sith—;sin(nt)) sin(nx).

®dukcupyem Touky X € (0,7). Bo3MoxHbBI J1Ba ciryyasl.

a) Qe Q,\WN,T0ects Q= ﬁ, 7€ [, U — B3aHMHO IIPOCTHIC
v

HaTypaJibHBIC unclia, puuéM v > 2. Toraa pemeHue
NEePUOAUYHO I10 ! ¢ MUHUMAaJIbHBIM niepuogom 1 = 2rv.
JlericTBUTEABHO, I JI000Tr0 1 € N

sinn(t+ T) = sin(nt + 2zvn) = sin(nt), I03TOMY

— 2Q(—=1)"
ulx,t+7T) = 10‘Zi sin (2 + 2zv8Q) + Z 10_2(—2) sin(nt)sin(nx)+
T

nn
n=1

& 10-2 20X (-1t O 4 9700 Q | . B
+Z — o) sin (Qf + 2zv )—ﬁsm(m‘) sin(nx) =

b) Q & Q. Torga pemnieHne NepUOAUISCKHUM 10  HE OyIIeT, HO
OyIeT yCIOBHO MEPUOINYCCKUM.

B 00oux ciydasx pemnieHne — orpaHuYeHHAs QYHKIIHS IS BCEX
x € [0O,7r] ut = 0, 9TO ycTaHABIMBAETCS FIIEMEHTAPHON OLICHKOM
COCTAaBJISIOIIUX PEIICHHUE PSAIOB.
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(11) Pezonancusriit cnydait: 2 = m € N. Torma pemienne
IpEACTaBISAETCS B BUJIE PsJlia

= 2m(—1)"
(e, 1) = 10~ 2— sinmt+ Y 1022 singo+
o Tn2

2 n+l1
+ 2 102 2’"( D (sin(mt)—%sin(nt)) sin(nx)+

2 — m?2
n=1,n#£m T n WZ)

+(— )"

T

1072 (¢ cos(mt) — sin(mr)) sin(mx).

O4eBUIHO, YTO PEILICHUE B HEPE3OHACHOM CJIydae He

nepuoanydeckasi GyHKIMS U He MOXKET ObITh OTPAaHUYCHHOM Ha

npoMexyTke ¢ € [0,00) U3-3a CEKyIIPHOTO WICHA

(—1)"
/1

HE 3aBUCUT OT YUCJIA M U JIMHEHHO PAcTET CO BPEMEHEM:

(Gl D .
107t cos(mit)sin(mx)| < .
T 1007z

1072¢ cos(mt)sin(mx). OTMETHM, YTO OLIEHKA 3TOTO WICHA

IIpuio:xkenue Kk npumepy #4.1
(cM. opurnHanbHbii MAPLE-0KkyMeHT Ha cTpaHuiie Kypca B
LMS; free-trial Bepcust MaremMaTH4eCKOM CpeAbl TOCTYMHA 10
CCBLIKE M paboTaeT 15 guei).

08.04.25 —22— Bepcus 1.0


https://lms.mai.ru/course/view.php?id=6058
https://www.maplesoft.com/products/maple/free-trial

